Micron-size superconducting quantum interference devices (µ-SQUIDs) are highly-sensitive magnetic flux sensors where the critical current or the voltage is modulated by the magnetic flux. The so-called voltage read-out mode is nevertheless often hindered by thermal hysteresis. µ-SQUIDs with improved thermal evacuation and small critical current can feature a phase-dynamic regime over a narrow bias-current and temperature range. Guided by a dynamic thermal model, we could widen these current and temperature ranges by using a shunt resistor. A significant increase in these ranges and, more strikingly, in the voltage oscillations magnitude is observed when the shunt is made of an adequate inductance in series with the resistor. An increase in inductance above a threshold value leads to relaxation oscillations in voltage. The large voltage modulation thus obtained offers an improved flux resolution in the voltage read-out mode down to 1.3 K.
Micron-size superconducting quantum interference devices (µ-SQUIDs) are highly-sensitive magnetic flux sensors where the critical current or the voltage is modulated by the magnetic flux. The so-called voltage read-out mode is nevertheless often hindered by thermal hysteresis. µ-SQUIDs with improved thermal evacuation and small critical current can feature a phase-dynamic regime over a narrow bias-current and temperature range. Guided by a dynamic thermal model, we could widen these current and temperature ranges by using a shunt resistor. A significant increase in these ranges and, more strikingly, in the voltage oscillations magnitude is observed when the shunt is made of an adequate inductance in series with the resistor. An increase in inductance above a threshold value leads to relaxation oscillations in voltage. The large voltage modulation thus obtained offers an improved flux resolution in the voltage read-out mode down to 1.3 K.
A micron-size superconducting quantum interference device (µ-SQUID) is a µm-size superconducting loop interrupted by two parallel weak links (WLs) that act as Josephson junctions (JJs). 1, 2 For such devices, the coupling of a nano-particle's magnetic flux to the SQUID loop is far better than with large size tunnel-junction based SQUIDs, leading to a superior magnetic moment resolution better than 1 µ B / √ Hz. 3, 4 µ-SQUIDs are thus of wide interest for probing nano-magnetism 5-10 , leading to many studies over the last decade. [11] [12] [13] [14] [15] The main limitation to practical µ-SQUIDs operation resides in the (thermal) hysteresis [16] [17] [18] [19] [20] of their current-voltage characteristics (IVCs) at low temperatures. In µ-SQUIDs designed with a low critical current and/or a good heat evacuation, a flux-sensitive voltage is obtained in the hysteretic regime but within a narrow bias-current range. 21 A dynamic thermal model (DTM) can successfully describe this behavior by considering both the phase dynamics and the generated Joule heat evacuation. 21, 22 Several ways for eliminating thermal hysteresis have been reported. [23] [24] [25] [26] [27] A common method is to place a resistive shunt close to the device. In that way relaxation oscillations are avoided as loop inductance is negligible. 23, 28 Nevertheless, the required small resistor value reduces the voltage modulation substantially. Moreover, the hysteresis elimination has not been consistently possible down to the lowest temperatures.
In this letter, we report on the effect of an inductive shunt on the (phase) dynamic regime of a µ-SQUID. With a shunt resistor alone, an increase in temperature and bias current ranges of dynamic regime are obtained. Small voltage oscillations with flux are observed. When we use a shunt resistor with adequate inductance, we observe reversible IVCs with larger voltage modulations down to 1.3 K. A dynamic thermal model quantitatively explains the observations. The dynamic retrapping current increases with the inductance, leading to an increase in the temperature range of the reversible regime, up to a limiting value at which relaxation oscillations appear.
In a WL device, a phase slip 29,30 event deposits a Joule heat IΦ 0 that can cause a thermal runaway leading to an elevated (time-averaged) WL temperature T WL . 20, 31, 32 Here I is the bias current and Φ 0 = h/2e the flux quantum. For a low enough critical current and/or a good heat evacuation, T WL can remain below the critical temperature T c over a certain bias current window. 22 The two end points of this current window, namely the (lower) dynamic retrapping current I dyn r and the (higher) static retrapping current I h , define the limits of the dynamic regime with a persisting Josephson coupling. At I > I h , the WL temperature T WL exceeds the critical temperature T c and the coupling vanishes. At I < I dyn r , the dissipative state is unstable against the superconducting (SC) WL state. In the dynamic regime, i.e. I dyn r < I < I h , a supercurrent persists with an amplitude I s = I − I 2 − I 2 c (T WL ). According to the DTM, a dimensionless parameter 33
determines the accessibility of the dynamic regime at a bath temperature T b . Here, I 0 c , R N and k are the zero field critical current, normal resistance and heat loss co-efficient of the WL, respectively. Assuming a linear temperature dependence of I 0 c and a sinusoidal supercurrent-phase relation, I dyn r and I h at zero field are given by 2β 2 0 I dyn r /I 0 c 2 = 1 + 4β 2 0 − 1 and I 0 c / √ β 0 , respectively. The two extreme values β 0 → 0 and β 0 ≫ 1 lead the DTM to the isothermal RSJ 1 and static SBT 16 models, respectively. 21 We first consider a WL with a parallel shunt resistor of value R S and negligible inductance. When the voltage across the WL is non-zero, part of the bias current flows through the shunt. The intrinsic WL resistance R N gets effectively replaced by the parallel resistance R N R S . In the model, the parameter
with r = R N /R S replaces β 0 . Thus, β is reduced with incorporation of shunt giving rise to widening of the dy- namic regime. However, the voltage modulation amplitude is scaled down by the factor r. Now, we consider a WL that is resistively and inductively shunted with a resistance R S and an inductance L in series, as shown in Fig. 1(d) inset. In the phase dynamic regime, the time dependence of the shunt current I sh is driven by the equation: L dI sh dt +I sh R S = V = Φ0 2π dϕ dt . In dimensionless form, the full set of equations determining the temperature and phase dynamics are: 21, 22 
The different time scales are the thermal time τ th = C WL /k, the Josephson time τ J = Φ 0 /I 0 c (T b )R N , used here as a time unit, and the inductive time τ L = L/R S . We introduce the parameters γ = τ L /τ J and α = τ th /τ J and use the reduced temperature p = (
Here T WL is the instantaneous WL temperature. Currents denoted by i with relevant sub/super-script represent the same in units of I 0 c (T b ). We note that the quasiparticles (QPs), generated during phase dynamics, diffuse over a large length scale 34, 35 compared to WL dimension before getting trapped or recombined. Thus τ th will actually be higher than what is expected from simple interface heat loss. 36 To study the temperature and phase dynamics, the above three coupled non-linear Eq. (2-4) are solved numerically with hot initial conditions i.e. p(0) ≥ 1 in order to find the finite voltage branch in the bistable regime. In Fig. 1 we use β 0 = 6 and r = 2 or 4, and vary the value of γ/α over a wide range. Note that γ (or τ L ) determines the dynamics of current i sh flowing through R S and hence i WL = i − i sh through R N , while α (or τ th ) determines the dynamics of p and hence the critical current i c (p) = 1 − p of the WL. The considered β 0 value is large as our main interest is in the deep hysteretic regime. 21 The minimum of i at which we obtain a steady WL temperature p > 0 defines the (dimensionless) dynamic retrapping current i dyn r . When γ/α remains well below 1, the i dyn r value varies negligibly. With increasing γ/α, the interplay between τ L and τ th leads to an increase in i dyn r as elaborated in Appendix A and shown in Fig. 1(a,b) . By taking time-average of phase derivative dϕ/dτ , the simulated IVCs of Fig. 1(c,d) show accordingly a reduction in the current range of the bistable regime. Eventually, the supercurrent contribution above i dyn r becomes larger as r and γ/α are increased, see Fig. 1(d) . Introducing an inductive shunt thus reduces irreversibility or hysteresis and increases the supercurrent contribution over a wider bias current range. The voltage modulation by the magnetic flux compared to the purely resistive shunt is also enhanced.
At certain value of γ/α depending on β 0 and r, i dyn r reaches the critical current: i dyn r = 1. Above that threshold, steady relaxation oscillations are seen in p, see Fig. 1 (a). These relaxations oscillations can be described as an alternating sharing of the bias current between the shunt and the WL at a time scale governed by τ L . So if the bias current exceeds the critical current, the WL gets overheated leading to more current through the shunt as compared to the WL. The latter will then cool down and become SC again over a time τ th , so that more current will flow through it leading to thermal heating again. Using a static thermal model, relaxation oscillations have been modeled in superconducting nanowires. 37, 38 Based on the RCSJ model, where an RC time determines the SC recovery instead of τ th , relaxation oscillations at a bias above I c in resistively and inductively shunted JJs have been extensively studied. [39] [40] [41] [42] [43] We fabricated the device on silicon substrate using lift-off of an Al mask and Nb etch following a recipe discussed elsewhere. 21 The inset of Fig. 2(c) shows an SEM image of the SQUID loop. The length and width of the µ-SQUID WLs are 160 nm and 40 nm respectively. Four probe transport measurements were performed in a closed cycle refrigerator with a 1.3 K base temperature and using similar electrical set up as Ref- [21] . The onset of superconductivity is seen at 8.6 K. The square resistance R ✷ in the normal state is estimated to be 5.9 Ω.
For resistive shunting, a Nichrome wire was connected in parallel to device's voltage leads and at a distance, from the µ-SQUID, of about 1 cm. An estimate of the shunt loop inductance L gives a few nH. We used two different shunt resistance values R S1 = 4 Ω and R S2 = 2 Ω (measured at room temperature). In that case, the inductive time τ L is of the order of few ns so that inductive effects can be neglected. An inductive shunt was realized by a superconducting wire loop put in series with the resistor. The magnetic flux coupled to the SQUID loop due to the inductive coil is worked out to be negligible compared to Φ 0 . In the following, we will discuss results from a single device but with different shunting conditions. Similar results from another device are presented in Appendix B. We first discuss the effect of a shunt resistor only with negligible inductance (L = 0). Figure 2 (a) shows the IVCs at 1.3 K and zero external magnetic flux (Φ) of the device for no shunt and R S1,2 shunts. With no shunt, a strong hysteresis is seen with a critical current I 0 c ≈ 137 µA and the smallest retrapping current I dyn r ≈ 42 µA. A thermal instability 20 in the SQUID leads occurs above I r1 ≈ 60 µA. The differential resistance above I dyn r is found to be 7 Ω which is less than the WLs normal resistance (9.5 Ω) estimated from R ✷ value. This indicates that the super-current is not completely destroyed in the dissipative state. This is further confirmed by the I dyn r − Φ modulation, see Fig. 2(b) . With a shunt, the dynamic retrapping current I dyn r increases significantly while I 0 c remains same. The IVCs' slope lead to estimates of the shunt resistance values of ≈ 3.85 Ω and ≈ 1.67 Ω, close to the measured values at room temperature.
In the hysteretic regime, the I 0 c value and critical current I c modulation with Φ remain same in every case, see Fig. 2(b) . As previously observed, 21, 44, 45 the I c modu- The bath temperature T b dependence of I 0 c and I dyn r is shown in Fig. 2(c) . The crossover between the reversible (I dyn r ≈ I 0 c ) and hysteretic (I dyn r < I 0 c ) regimes occurs at a temperature T h that decreases slightly by incorporating a shunt. Accordingly, the measured I 0 c above T h is larger in the shunted devices. We interpret this behavior as the distribution of current fluctuations between the shunt and the WLs, leading to a decrease in the WLs heating and thus an increase in I 0 c value. 25 In the hysteretic regime, the measurement of the I dyn r value enables us to obtain the β parameter as a function of T b , see Fig. 2(d) . The behavior for the two R S values is consistent with a reduction factor (1 + r) of β compared to β 0 , see Eq. 1. A practical SQUID operation in the dynamic regime, defined as β < 2, 21 is thus obtained over a wider temperature range for a shunted device compared to the unshunted one. The fit to β 0 values in Fig. 2(d) provides the heat loss coefficient k value to be ∼ 4.3 nW/K, which is similar to our earlier devices. 21 The voltage modulation by Φ for the three shunt cases are displayed in inset of Fig. 3(a,b) for a bath temperature T b = 2.2 K. For the unshunted device, we have β 0 = 1.65 and voltage oscillations are expectedly seen only over a short bias current range just above I dyn r . The shunted devices display voltage oscillations over a larger current bias range. The IVCs show a consistent behavior with the V (Φ) data, see Fig. 3(a,b) , the R S2 -shunted device being non-hysteretic. Using the relation ∆I s = ∆V /R with R = dV /dI at I h , the supercurrent modulation amplitude ∆I s is extracted from V (Φ) oscillations. It is plotted in units of ∆I c together with the fit to the model 21 in Fig. 3(c) . Fitted β values are well below 2 and close to those found from Eq. 1 or from the ratio I dyn r /I 0 c , see Table I . At further lower temperature, the parameter β 0 being higher, no voltage modulation could be observed in the unshunted case. However, oscillations are seen for the R S1 shunt till 1.8 K and for the R S2 shunt till 1.3 K, the lowest temperature investigated here. V (Φ) modulation for R S2 shunt at 1.3 K is shown in Fig. 3(d) .
The flux-to-voltage transduction function V Φ =| ∂V /∂Φ(Φ) | max is 40 µV/Φ 0 for the unshunted device at 2.2 K just above I dyn r , which leads to a flux noise density √ S Φ = 25 µΦ 0 / √ Hz. Here we use the estimated voltage noise in our circuit as 1 nV/ √ Hz. Although a shunt helps in getting a wider dynamic regime, it does not improve the sensitivity. For instance, we get a reduced √ S Φ = 7 µΦ 0 / √ Hz with the R S2 shunt. We now discuss experiments on the same device but with an inductive shunt, which is the main focus of this work. Here, our inductive shunts are made of an inductor in series with the resistor R S2 . We used inductance value L ranging from less than a µH to several µH. This order of magnitude is much larger than the total (geometric and kinetic) µ-SQUID inductance, which is of pH order 23 , and the R S2 -shunt loop, which is of nH order.
For inductance values below 1 µH, no change in IVCs is observed, down to 1.3 K. As the inductance L is increased to about 1.4 µH, large V (Φ) oscillations are obtained over a large range of bias current, see Fig. 4(a,c) for data at T b = 1.3 K and 1.6 K. IVCs at different flux values, shown in Fig. 4(b) , display complete reversibility and smooth transitions in contrast to irreversible and sharp ones observed without inductive shunt in Fig. 2(a) . The dynamic retrapping current I dyn r becomes close to the critical current I 0 c . The I 0 c value does not change, as expected.
The dashed line in Fig. 4(b) shows the best fit of the zero-field IVC, showing two transitions atI 0 c and I dyn r , at 1.3 K to the DTM. We take β 0 (1.3 K) ≈ 9.3 from the measured I dyn r /I 0 c ratio (see Fig. 2(d) ) and the given r = 4.2. The single fit parameter γ/α is found to be about 0.9, which gives τ th ≈ 0.8 µs. Using k = 4.3 nW/K as found above, the effective heat capacity C WL is estimated to be ≈ 3.4 × 10 −15 J/K. Based on the tabulated specific heat (∼ 3 × 10 −3 J/gm.K) of Nb in the SC state close to T c and Nb density 8.57 gm/cc, we obtain a volume of 13 × 10 −2 µm 3 , i.e. a film surface of 6.5 µm 2 . Therefore, the heat generation in the dissipative state of each WL happens over an effective area of 3.25 µm 2 , which is well above the WL area of 64×10 −4 µm 2 . Earlier experiments 34, 35 on WLs show that Joule heat is generated over a length scale determined by the inelastic quasi-particle diffusion length. Further, the obtained thermal time τ th agrees well with the typical QP recombination time in Nb. 36, [46] [47] [48] Thus the real bottleneck in healing back the superconductivity in the WL is not the heat evacuation from the phonons of Nb film. It is rather the slow recombination of QPs that is responsible for their energy transfer to phonons. In fact, this slow QP relaxation is known to be a bottleneck in other SC devices. 49, 50 At a bath temperature T b = 1.3 K and at the optimal bias, we obtain V Φ to be 680 µV/Φ 0 and thus an estimated flux noise density √ S Φ of the order of 1 µΦ 0 / √ Hz. The corresponding spin sensitivity √ S n defined by
with L is the side length of the SQUID loop. 5 At a higher bath temperature T b = 1.6 K, the reversible IVCs are shown in Fig. 4(d) . The modulation amplitudes at this temperature are smaller but V Φ increases significantly to 2.45 mV/Φ 0 , see Fig. 4(c) . In this case, a very good √ S Φ ∼ 400 nΦ 0 / √ Hz, corresponding to √ S n ∼ 80µ B / √ Hz is achieved.
As per the estimated τ th value and based on the model, the relaxation oscillations are expected to start above Fit of the decay part of the voltage peak to an exponential gives a time constant of 3.53 µs, which matches well with the calculated τ L = L/R S2 = 3.6 µs. The bias current range of relaxation oscillations, amplitude, frequency 28 depend on γ and β. Nonhysteretic IVCs with small relaxation oscillations have also been observed in superconducting nanowires. 38 The shunt inductance is thus found to be an important parameter that directly controls the phase and temperature dynamics in a shunted µ-SQUID. It is an interplay between τ th and τ L that gives rise to the observed distinct behaviors. In order to get the right (non-hysteretic) regime where dynamic retrapping current I dyn r is close to the critical current I 0 c , the value of L needs to be adjusted so that τ L is of the same order as τ th . Higher and lower values give relaxation oscillation and hysteretic IVCs, respectively. The new physics we bring here is that an inductive shunt is beneficial for eliminating thermal hysteresis. A significant advantage of using an appropriate inductive shunt as compared to a resistive shunt is large V − Φ modulation leading to superior flux and spin sensitivity down to low temperatures.
In conclusion, our dynamic thermal model quantitatively explains the reduction in hysteresis and widening of phase dynamic regime by a resistive shunt in a µ-SQUID.
More importantly, we have demonstrated that an adequate inductive shunt in a µ-SQUID leads to further reduction in hysteresis and to a large voltage modulation by a magnetic flux. We have been able to get large modulations well below the critical temperature and down to 1.3 K. These results are opposed to the usual belief that an inductive shunt loop gives rise to relaxation oscillations. Tuning of the inductive time scale around the value of thermal time actually leads to reversible or nonhysteretic IVCs. While the consistent fabrication of fully non-hysteretic µ-SQUIDs at all temperatures below T c is still a challenge, this study demonstrates a practical procedure for getting a reliable voltage read-out of the flux using usual hysteretic µ-SQUIDs. Finally, our present report together with the previous one 21 conclude the following important remark. The dynamic thermal model is more appropriate approach to describe the phase dynamics in WLs and µ-SQUIDs, than an isothermal RCSJ model. Moreover, it (DTM) successfully opens up a way of µ-SQUIDs optimization for nanoscale magnetism.
We are indebted to Thierry Crozes for help in the device fabrication at the Nanofab platform at Néel Institute. SB acknowledges financial grant from CSIR, Government of India and IIT Kanpur. AKG acknowledges research grant from the SERB-DST of the Government of India. AKG, HC, CW acknowledge research grant from Indo-French Centre for the Promotion of Advanced Research (CEFIPRA). AKG also thanks Université Grenoble Alpes for an invited professorship. CW and HC acknowledge financial support from the LabEx LANEF project (ANR-10-LABX-51-01). and I h change with r for β 0 = 6 when the WL is only resistively shunted and L = 0, as shown in the inset. The dynamic regime, represented by the Grey shaded area, becomes wider as R s is reduced (or r is increased). In the bi-stable regime, the temperature p and the phase derivativeφ in the bias range i dyn r < i < i h show small steady oscillations, see Fig. 7 illustrates the dynamics of WL temperature, phase and currents in the different branches of the equivalent circuit, shown in Fig. 1(d) , of an inductively shunted µ-SQUID. We consider the fixed parameter values β 0 = 6, r = 2 and we vary the parameter γ/α value and the bias current i. First we consider the response of the system to a heat pulse (due to a phase slip) at τ = 0, see Fig. 7(a) . For γ/α = 0.7 and i = 0.83, the current through the WL i WL = i − i sh comes below the critical current i c (p) = 1 − p after a certain time. After that moment, we have i WL < i c so that the current in the shunt tends exponentially to zero, the phase ϕ tends to a constant value and the WL remains superconducting. If the (reduced) bias current i is increased to 0.84, see Fig. 7(b) , the currents i WL and i c do not cross and thus the WL remains in a dynamic steady state with a normal and a super-current coexisting. The currents i WL , i c < 1 and i sh all show small oscillations with time. This value of current i = 0.84 is thus the dynamic retrapping current i dyn r for the parameters β 0 = 6, r = 2 and γ/α = 0.7. The same calculation is displayed for γ/α to 0.8 keeping other parameters fixed in Fig. 7(c) . From the dynamics of i sh at i = 0.84, it is clear that the increase in γ/α determines the lag in the current to come back in the WL branch from shunt branch. Due to this lag, again the i c = 1 − p can cross i WL thus keeping the WL superconducting. The minimum current required then for the dynamic steady state is found to be i = 0.86, see Fig. 7(d) .
APPENDIX B: SAMPLE SCHEMATIC AND
RESULTS ON ANOTHER µ-SQUID Fig. 8 shows the schematic of a µ-SQUID, shunted by a resistor R S , made of nichrome wire, and an inductor L. A large scale SEM image is shown in the inset.
Similar features on transport measurements are observed from another µ-SQUID. Figure 9 in I dyn r towards I c , see Fig. 9 (b) for 1.3 K. V (Φ) modulations at this T b for L = 0 and L = 1.4 µH are shown in Fig. 9(c,d) . V Φ , in best case, is estimated to be 1.5 mV/Φ 0 at 1.3 K. The relaxation oscillation at 1.3 K and
